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Fig. 2 Heat transfer rate for simultaneous radiation and
conduction between two infinite isothermal parallel black
plates containing a gray, constant conductivity gas in the

gap between the plates

agreement with both the exact numerical calculations and
the approximate calculations of Lick obtained using various
asymptotic expansions.

In view of the success of the radiation slip argument, at
least for the particular example considered, it would appear
worth while to apply this concept to more complicated
geometries, including problems where molecular conduction
is present simultaneously, and to gas flows where radiant
heat transfer is of importance (see, e.g., Goulard11). It also
would appear that the exploitation of the simple mean free
path arguments presented, by a more detailed photon trans-
port theory, could assist materially in the difficult calculations
of radiation transition regimes where the surfaces present
and the radiating medium have more complicated properties
than those considered.
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Introduction

THE energy absorbed in the dissociation of a polyatomic
propellant in nuclear or electrothermal rockets often repre-

sents a large portion of the total energy input. Current in-
formation on recombination rates appears to preclude any
significant recombination of these dissociated particles in a
nozzle of reasonable length. Thus the unreclaimed dissocia-
tion energy constitutes a serious loss mechanism. This energy
loss, called the frozen flow loss, has been estimated for various
propellants,1 usually with the assumption that the propellant
is dissociated to equilibrium compositions corresponding to
the stagnation or throat enthalpies. This type of assump-
tions leads to the well-known conclusion that in order to re-
duce frozen flow losses one should operate at as high a pressure
as practicable. Small improvements in frozen flow loss due to
temperature nonuniformities and regenerative heating also
have been investigated.2"4

All these studies have neglected the problem of dissociation
kinetics. As will be indicated below, under certain circum-
stances, it is possible to heat the propellant to high enthalpies
rapidly without significant dissociation. These preliminary
calculations indicate that nonequilibrium heating is a promis-
ing means for reducing frozen flow losses of high specific im-
pulse engines.

Discussion
The dissociation reaction rate is usually comparable to the

recombination rate. Therefore the assumption of equilibrium
dissociation but nonequilibrium recombination in rocket
nozzle calculations is valid only for nozzles where the pro-
pellant is heated in low velocity or essentially stagnant condi-
tions. If a nozzle is constructed in such a manner that the
propellant is heated and simultaneously accelerated to high
speeds, dissociation equilibrium may not be satisfied. At suf-
ficiently high heating rates and acceleration rate, it is con-
ceivable that the heated propellant may be accelerated before
significant dissociation takes place.

In order to obtain an order of magnitude estimate of the
feasibility of nonequilibrium heating, one may compare the
time required for dissociation to the characteristic time of
the nozzle flow as well as the characteristic times of the per-
tinent heating processes. The dissociation time constant is
approximately

l//3Nm = l/aKNNm (D

where the relationship between the dissociation coefficient
and recombination coefficient has been used. Based on
Rink's summary of recent data5 and Keek's theoretical tem-
perature dependence,6 a can be taken approximately as
8 (10) ~30 T'1 cc2/molecule2-sec. The result of the calculation
is shown in Table 1 as a function of pressure.

The characteristic residence time of the propellant travelling
at near sonic or higher velocities in a nozzle is related to the
gas enthalpy and the nozzle length. Neglecting dissociation
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energy, one has the approximate relationship

(2)

where L should be taken as D cot0 in case of very long nozzles.
The results are shown in Table 1. Comparison of this with
the dissociation time constant indicates that dissociation can
be curbed if pL is small, as indicated in Table 2. It is seen
that, for an arc-jet engine with L = 0 (1 cm) and propellant
temperature near 7000°K or a nuclear rocket with L = 0 (102

cm) and propellant temperature near 3500°K, dissociation
can be reduced if p < 1 atm.

It remains to be shown that it is physically possible to heat
the propellant to such high temperatures within the short
time allowed. Clearly, chemical heating is not capable of
reaching such high heating rates, since it is limited by rate
constants similar to those of dissociation. Other forms of
heating, such as the volume heating due to electrical dis-
charges in arc-jet engines and the surface heating due to
thermal conduction from a hot wall in electrothermal rockets
and some nuclear rocket configurations, are not limited by
chemical reaction rates. The limiting heating rate for these
processes will be examined below.

First consider electric heating. In order to heat a diatomic
gas to stagnation temperature T, the necessary energy per
particle is %kT. This energy must come from the acceleration
of electrons in the electric field, amounting to about ^(e*E2/
me)r per collision. The problem of how to provide a small
number of electrons without dissociation will not be discussed
in detail here because of space limitations. It suffices to men-
tion that seeding and nonequilibrium ionization are both
promising schemes. Assuming the electron mole fraction to be
Xe, the time required to heat the neutrals to T0 is then

re (Xe/2)(e*E*/me)i

Qern
(3)

\8rn Xe

It is seen that the heating time can be reduced by increasing
the degree of ionization or the electric field. Since ionization
also may introduce frozen flow problems, one probably would
wish to limit Xe to the vicinity of 1%. On the other hand,
electric field also cannot be increased indefinitely. Because of
the large disparity between the electronic and molecular
masses, their collisions are inefficient energy exchange
processes. Thus too high an electric field, or too high a heat-

Table 1 Characteristic times for various physical
processes in a rocket nozzlea

Process

Dissociation

At 3500°K

2 (10)~4 i
P

5000 °K

(10)"5p

7000°K

i (lO)-ei
P

Joule heating 5

Electron-neu- 20 (10)~8 ± 2(10)~8 - 3
tral energy p p P
transfer

Heat conduc- i (10)~2 r*p 2 (10)~3 r*p (10)~3 r*p
tion from hot
surface

Approx. resi- 2 (10)~6 L 2 (10)~6 L 1.5 (10)~6 L
dence time in
nozzle

a Units of time are in seconds, p in atmospheres, E in volts/cm, L and r in
cm; Xe denotes electron mole fraction. Calculations are based on an as-
sumed electron-neutral cross section of (10) ~16 cm2, recombination co-
efficient of 8(10) ~80 T~l ccVmoleculeS-sec, with hydrogen as propellant.

Table 2 Conditions for nondissociating flow in a rocket
nozzle"

3500°K 5000°K 7000°K

Approx. condi- pL <C 100
tions for the
gas not to dis-
sociate in a
rocket nozzle
of length L

Nondissociative E ̂  0.5
joule heating p (Xe)112

).3

Thermalization E 150

P

E 40

P

E 30
of joule heat- p (Xe)11'
ing

Nondissociative pr < 0.2
surface heat-
ing

p (Xe)1'2 p (Xe)1-

pr < 0.07 pr > 0.02

a Units of time are in seconds, p in atmospheres, E in volts/ em, L and r in
cm; X e denotes electron mole fraction. Calculations are based on an assumed
electron-neutral cross section of (10) ~15 cm2, recombination coefficient of
8(10) ~30 71"1 cc2/molecule2-sec, with hydrogen as propellant.

ing rate, may not result in the proper thermalization of the
energy input. The time required for electron-neutral energy
exchange is7

_ \^
Ten ~ 2 me

I
(4)

Assuming that the electron-neutral collision cross sections7

are of the order of 10 ~15 cm2, the calculated time constants are
shown in Table 1.

Lastly, the characteristic time constant for surface heating,
such as the heating of a gas stream flowing in a hot tube, will
be examined. In this instance only the gas particles in the
vicinity of the solid surface is heated directly. The remaining
body of gas must be heated by gaseous thermal conduction.
The time required for conduction to overcome the thermal
inertial effects of heat capacity can be estimated by using
the macroscopic concept of "heat diffusivity" K/pcp, or it can
be estimated from the equivalent microscopic consideration of
the random walk. Since the energy transferred per collision is
of the order of mean thermal energy, the time required to heat
a cylindrical body of gas with radius r is just the time required
for a particle to travel the distance r by random walk:

(5)

Assuming Qmm « 10 ~15, numerical results of this also are
shown in Table 1.

By comparing the time constants shown in Table 1, ap-
proximate criteria for nondissociative rocket nozzle design can
be obtained. These are shown in Table 2. It is seen that
there are wide design margins within which net dissociation
can be reduced effectively by nonequilibrium heating.

Illustrative Example

In the foregoing approximate calculations, nozzle geometry
was not considered specifically. As an example, a numerical
calculation of a one-dimensional nonequilibrium flow has
been made for a simple nozzle, consisting of a constant area
subsonic section and a diverging supersonic section. Heating
is assumed to take place in the subsonic section at such a rate
that

= x/L (6)

Using the same rate constants as before, the results of the
calculation are shown in Fig. 1. It is seen that the results are
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Fig. 1 Estimated dissociation and frozen flow loss for a
nozzle with constant area heat addition

not substantially different from the conclusions in Table 2.
The nozzle and heat input distribution used in this calcula-

tion are not substantially different from some actual nozzles
in current use. Indeed, nonequilibrium heating actually may
be taking place in some arc-jet engine nozzles, which usually
operate with pL of the order of unity.4

Concluding Remarks

Although the preliminary calculations presented in the
foregoing indicate that nonequilibrium heating is feasible, more
detailed investigations of the kinetics and aerodynamics are
necessary to evaluate quantitatively its effectiveness in reduc-
ing frozen flow loss. In particular, the influence of electron
impact dissociation7 at high electron concentrations and
temperatures should be investigated. It is hoped that this
note will stimulate interest among propulsion engineers in
these endeavors.

References
1 Page, R. J., "Current status and prospects of electrothermal

propulsion," ARS Preprint 2649-62 (November 1962).
2 Noeske, H. O. and Kasner, R. R., "Analytical investigations

of a bipropellant arc jet," ARS J. 32,1701-1708 (1962).
3 Mironer, A. and Macomber, H., "Spatial non-uniformity

effects in electrothermal propulsion," ARS J. 32, 1412-1413
(1962).

4 Chen, M. M., "Effect of non-equilibrium flow in thermal arc
jet engines," Summary Report to NASA Lewis Research Center,
Contract NAS-8-1607, Avco Corp., Research and Advanced De-
velopment Div. RAD-TR-62-25 (September 1962).

5 Rink, J. P., "Shock tube determination of dissociation rates of
hydrogen," J. Chem. Phys. 36, 262-265 (1962).

6 Keck, J. C., "Statistical theory of chemical reactions," J.
Chem. Phys. 29, 410-415 (1958); also "Variational theory of
chemical reaction rates applied to three-body recombination,"
Avco Everett Rept. 66 (September 1959).

7 Massey, H. S. W. and Burhop, E. H. S., Electronic and Ionic
Impact Phenomena (Clarendon Press, Oxford, 1952), pp. 1-16,
189-281.

On Two Alternative Motivations of
Reference-State Expressions for

Turbulent Flows with Mass Transfers
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T?OR turbulent flows without mass transfers, reference-
-T temperature (or reference-enthalpy) expressions ob-
tained using two alternative motivations are found to be
equivalent to good approximation. For example, Eckert,1
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guided apparently by the expression evolved empirically for
laminar flows, finds that

0.50 Tw + 0.50 ̂  + 0.22 r0*uj/2cp* (1)

correlates satisfactorily data for turbulent flows over flat
plates; Burggraf,2 equating the reference enthalpy and the
enthalpy at the outer edge of the laminar sublayer, obtains
an expression that may be written (for constant specific heat)

ShQ*

Pr* u& / sj
Sho* um \ TO* (2)

where T is temperature, u velocity parallel to surface, cp
constant-pressure specific heat, Pr Prandtl number, r re-
covery factor, sh Reynolds-analogy factor for heat transfer,
subscripts w, s, », and 0 refer, respectively, to wall, outer
edge of laminar sublayer, outer edge of boundary layer, and
zero-blowing conditions, and the asterisk indicates that the
property is to be evaluated at the reference state. For

Pr* us0

(a typical value), Eqs. (1) and (2) are equivalent to good
approximation. The purpose of the present note is to com-
pare extensions of Eqs. (1) and (2) to the case of turbulent
flows with mass transfers.

Expressions for the reference state (reference temperature
and reference composition) for laminar boundary layer flow
with mass transfer have been developed by Knuth.3 The
development of the reference-temperature expression was
guided by an analysis of Couette flow in which the variation
of the specific heat with composition was taken into account.
The purposes of the present note are satisfied, however, if
one uses the simplified expression obtained by applying the
methods of Ref. 3 to a model in which the specific heat is
constant with a value fixed by the reference state. One ob-
tains

= 0.50 Tv + 0.50 Too + 0.17 r0*um
2/2cp* +

0.08(cyyV) Pr*Bf*(Tw - Ta) (3)

where

and where p is density, v is velocity normal to surface, C/ is
friction coefficient, and superscript c refers to coolant. The
expression for reference composition involves, in general,
logarithmic terms; the linearized expression

c<* = 0.50 cw° + 0.50 c«,c (4)

may be used, however, for low blowing rates or small molecu-
lar-weight differences. In a study of the limited available
data, it was concluded4 that, for Mach numbers up to 3 and
for injection of nitrogen into air, Eq. (3) correlates satis-
factorily the data for turbulent boundary layer flows with
mass transfers.

In the alternative motivation of reference-state expressions
for turbulent flows with mass additions, one would equate
the reference temperature and composition to the tempera-
ture and composition at the outer edge of the laminar sub-
layer. For a model in which the specific heat is constant
with value fixed by the reference state, an expression for the
temperature at the outer edge of the laminar sublayer is given
by Eq. (15) of Ref. 4. Solving for T»

k*(dT/dy)n
(pv)wcp° iT"""- >]


